SO GD & PT HAI DUONG PE THI NANG KHIEU LAN 5- NAM HQC 2020 - 2021
TRUONG THPT CHUYEN NGUYEN TRAI MON TOAN - LOP 11 TOAN

Thoei gian lam bai : 180 Phut

Céiu 1. (2,0 diém)

a) Tinh tich phan T= J'lez(l—x)zozodx
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b) Rt gon:
Ciu 2. (2,0 diém) Cho hinh chép S.ABCD c¢6 day ABCD Ia hinh vudng c6 canh bang a, canh bén SA
vubng goc véi mat phiang day va SA=a. Goi H,K lan luot 12 hinh chiéu vudng goc cia A trén SB,SD

a) Goi « la gdc tao bai duong thang SD va mit phang (AHK), tinh tana

b) Tinh ti s6 thé tich hai phan cua khbi chop bi cat bai mat phang (AHK).

Cau 3. (2,0 diém) Cho tam giac nhon ABC truc tim H duong cao AD véi D trén BC. GoiM &
trung diém BC va D' dbi xang voi D qua M . DPiém P thudc duong thang D'H sao cho AP song

song BC, dudng tron ngoai tiép tam gidc AAHP va ABHC cat lai nhau tai G = H . Ching minh
ZMHG =90".

Cau 4. (1,5 diém) Cho f(n)=n+[+/n],n>0 Chang minh véi moi s6 nguyén duong m, day
m, f (m), f (f(m)), f (f (f(m))),...chta it nhat 1 sé chinh phuong.

(ky hiéu [x] 1a phan nguyén cua sb thuc x, tic 1a sé nguyén Ion nhat khong vuot qua x)

CAu 5. (1,5 diém) Tim tat ca cac ham f :R — R sao cho véi moi sé thuc x,v,z, ta co
(F)+D(F () + F(2) = f(xy+2)+ f(x2-y)

Cau 6. (1,0 diém) Gia sir v6i (a,b,),(2,,5,),-...(&0: b0 ) 12 C4C cip sip thir tw phan bigt cac sé nguyén

khong am thi N 1a s cap (i, j) ma 1<i< j<100 thoaman |ab; —a;b|=1. Tim gia tri Ion nhat cua N

khi 100 cdp s6 trén thay doi.
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Céu 1. (2,0 diém)
a) Tinhtich phan T = [ x*(L-x)™*dx
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b) Ratgon: T =
Loi giai:

a) T :I:xz(l—x)zozodx.
batt=1-x—>x=1-t= dx=-dt,

Xx=0=>t=1
X=1=t=0
Khi do:
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Céu 2. (2,0 diém) Cho hinh chdp S.ABCD c6 diay ABCD la hinh vuéng c6 canh bang a, canh bén SA
vubng goc voi mit phang day va SA=a. Goi H,K lan luot 1a hinh chiéu vudng goc cia A trén SB,SD

a) Goi « la goc tao bai duong thang SD va mat phang (AHK), tinh tana

b) Tinh ti s6 thé tich hai phan cua khéi chép bi cét bai mat phang (AHK).

Loi giai:



a) Goi L la giao diém ctua SC va (AHK).
Tacé AK L (SCD) va AH 1 (SBC) nén SC L (AKLH).
Do d6 (SD,(AHK)) = (SK,KL) = SKL = «

2 2
Xét aSAC tacod SAZ:SL-SC<:>SL:SA= a a
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Mit khac aSLK ~sSDC nén S _SK | _SK-DC_2 _a
DC SC SC a3 /6
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Xét aSLK taco tana:%:gzﬁ.vay tana =+/2 .
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b) Laic6 KH =§BD’ AL =a+/23 va AL L KH nén dién tich AHKL bang %KH.AL = va

3

& nén thé tich khéi chop S.AHLK bing f_S

Na

SL =

Thé tich khéi chop S.ABCD bing %as nén ti I thé tich can tim bing %



Céu 3. (2,0 diém) Cho tam giac nhon ABC truc tim H duong cao AD véi D trén BC. GoiM 14 trung
diém BC, va D' d6i xttng véi D qua M . Diém P thudc duong thang D'H sao cho AP song song BC,
duong tron ngoai tiép tam gidc AAHP va ABHC cit lai nhau tai G = H . Ching minh  /MHG =90".

Loi giai:

Xét thé hinh nhu hinh vé.
Goi T=HM N AP thidéco T trung diém AP

Co dudng tron (BHC) ddi xtng voi dudng tron (ABC) qua M nén néu goi AM n(BHC) =2, thi M
1a trung diém AZ

Vay MT || Pz

Ta chitng minh G,P,Z thang hang

Co B,C,Z,G thudc mot duong tron va ABZC la hinh binh hanh nén

180° - /BGZ = /BCZ = ZCBA va /PGB + /BGH = /PGH = Z/PAH =90
— /PGB =90"- /BGH =90"-/BCH = /ABC =180°-/BGZ

Vay /BGP =180° - /BGZ

Nén G,P,Z thang hang.

Vay PG||HM — ZMHG = /PGH = /PAH =90’



Ta c6 diéu phai chirng minh
Cau 4. (1,5 diém) Cho f (n) =n+[+/n]. Chitng minh véi moi sé nguyén duong m, diy
m, f (m), f (f (m)), f (f (f(m))),...chta it nhat 1 s6 chinh phwong.

Loi giai:

Gia st m=n®> +r,véil<r<n.Khido [m]=n,nén f(m)=n® +n+r.Tavancod [\\n> +n+r]=n
nén f,(m) =n?> +2n+r=(n+1)? +(r—1). Vaynéu r=1,taco f,(m) 1a s chinh phuong. Bang quy

nap ta c6 dugc f, (m) chinh phuong.

Bay gio néu n+1<r<2n+1,thi f(m) =n®> +n+r=(n+1)? +(r-n-1) vd 0=(r-n-1)<n.Néu
r=0,taco f(m) laso chinh phuong. Néu khong forny(M) 12 s6 chinh phuong.

Ciu 5. (1,5 diém) Tim tat ca cic ham f :R — R sao cho véi moi s6 thuc x,vy,z, ta co
(FO)+D(F()+ f(2) =f(xy+2)+ f(xz-y)

Loi giai:

Ky hiéu P(x,y,z) thay cho (f(x)+21)(f(y)+ f(2))=f(xy+2)+ f(xz—vy).

P(0,0,0) duoc f(0)=0 va P(0,y,z) cho f(y)=f(-y).

P(x,y,0) dugc f(xy)=f(x)f(y).

Suyra, f(x)=f(x)f(@).

Néu f(1)#1 thi f(x)=0 véi moi Xx.

Néu f()=1, P(x,1,1) duoc f(x+1)=2f(x)—f(x—1)+2.

Quy nap duoc f(n)=n? véi moi sé nguyén n. Suy ra f(q)=q? véi moi sb hiru ti g.

Chang minh f ddng bién vai x>0.

Co f(x*)=f(x)f(x)=0,nén f(x)=0 v&i moi X.

Ma (f(X)+D)(f(y)+f(@2)=f(xy+2)+f(xz—y)> f(y)+ f(2).

Pt x=2Y véi 220,

z

2
Taco (2 +2)> f(2). Pat y=E.

z

Tacod f(z+e€)> f(z), vdimoi z,e>0.Vay f dong bién



Suy ra f(x)=x* vdi moi x,

Kiém tra lai la xong.

Cau 6. (1,0 diém) Gia str V6i (a,h,),(2,,5,),. .., (a0 big ) 18 CaC cap sap thir tu phan biét cac s6 nguyén
khong am thi N 1a s cap (i, j) ma 1<i< j<100 thoaman |ab; —a;b|=1. Tim gia tri I6n nhat cua N
khi 100 cdp s6 trén thay doi.

Loi giai:

Dap sb 12 197 (tong quéat 12 2n—3 néu c6 n cap sd)

Y tuong 1a néu dat P =(a;,b;) 1a cac diém trong mat phang toa do véi gbc O =(0,0) thi bai toan tré

thanh: Tim so tam giac 16n nhat aOPP, c6 dién tich %

( Ta goi la tam giac dep)
Chon 100 diém P nhu sau: (1,0),(1,1),(2,1),(3.1), .., (99,1)
A

1,1) (2,1 (3,1)  (4,1)

7
[ ]

0 (1.’0)

C6 98 tam giac dep vai dinh (0,0),(k,1) va (k+11) khi k=1,...,98.

C0 99 tam giac dep véi dinh (0,0),(1,0) va (k,1) khi k=1,...,99.

Vay c0 98+99 =197 tam giac dep

Ta chizng minh 2n-3 1a s6 tam giac dep 16n nhat bang quy nap theo n>2

Truong hop n=2 hién nhién

Khong mét tong quat, gia st P =P, = (a,b) 1a diém xa O nhét.

Khi d6: Diém xa nhat P =P, thudc cuing lim 2 tam giac dep.

That vay, tacd UCLN(a,b)=1 véi P thudc mot tam giac dep bat ky

Vi néu UCLN(a,b)=d va P thudc tam giac dep OPQ thi d ciing I uéc cua 2 lan dién tich tam giac
OPQ, tuc la woc cua 1.

Xét tap cac diém Q sao cho dién tich OPQ bang % thi Q chay trén 1 trong 2 dudng thiang song song OP

la d, va d,
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A
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Do UCLN(a,b) =1, nén chi ¢6 2 diém nguyén trén 2 duong thang d,,d, nam trong mot phan tu hinh
tron tam O, béan kinh OP, vi rd rang néu c6 mot diém nguyén (u,v) trén d, thi cac diém nguyén con lai
trén d, phai c6 dang (u+a,v+b) hoic (u—a,v—b), déu thoat ra ngoai hinh tron.

Vay néu xéa diém P, thi con n—1 diém, ¢ cing lam 1a 2(n—1)-3 tam giac dep. Theo nguyén ly quy

nap ta c6 diéu phai chitng minh.



